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Abstract 

p ■ We analyse a one parameter family of supersymmetric solutions of type JIB super- 

1^ ■ gravity that includes AdS^, x S^. For small values of the parameter the solutions 

are causally well-behaved, but beyond a critical value closed timelike curves (CTC's) 

appear. The solutions are holographically dual to A/" = 4 supersymmetric Yang-Mills 

rS ' theory on a non-conformally flat background with non-vanishing i?-currents. We 

C^ ' compute the holographic energy-momentum tensor for the spacetime and show that 

it remains finite even when the CTC's appear. The solutions, as well as the uplift of 

some recently discovered AdS;^ black hole solutions, are shown to preserve precisely 

two supersymmetries. 
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1 Introduction 

A powerful way to generalise the basic examples of the AdS/CFT correspondence 
in string and M-theory [T] is to use gauged supergravities. For example, the bosonic 
sector of minimal gauged supergravity in D=5 ^ can be obtained via a consistent 
truncation of the Kaluza-Klein reduction of type IIB supergravity on a five-sphere [Hj, 
which implies that any bosonic solution of the gauged supergravity can be uplifted to 
obtain a solution of type IIB supergravity. The AdS^ vacuum solution uplifts to the 
AdS^ X S^ solution, which is dual to four- dimensional A/" = 4 super-symmetric Yang- 
Mills theory, while non-vacuum solutions uplift to solutions containing a deformed 
five-sphere, which can correspond to various deformations of this CFT. 

In |4] a one-parameter family of supersymmetric solutions of D=5 minimal gauged 
supergravity were constructed, which includes the AdS^ vacuum solution when the 
parameter is set to zero. We will show here that the family of solutions are asymp- 
totically locally AdS^, and hence the corresponding uplifted type IIB solutions can 
be interpreted as being dual to A/" = 4 supersymmetric Yang-Mills theory living on 
the non-trivial conformal boundary, which we show is not conformally flat. Since 
the gauged supergravity solutions have non-vanishing U{1) gauge-fields, this implies 
that i?-symmetry currents are also non-vanishing in the dual picture. Note that this 
interpretation was also discussed in [S], where the solutions were further generalised 
(see also 0). 

An interesting feature of the solutions of |4j is that closed time-like curves (CTCs) 
appear when the parameter is larger than a critical value. There have been several 
recent investigations aiming to understand the role, if any, of CTCs in string theory. 
This activity was catalysed by the discovery of the supersymmetric Godel solution 
of minimal ungauged supergravity in D=5 [7j. These solutions are homogeneous 
and preserve twenty supersymmetries when uplifted to provide a solution of D=ll 
supergravity. In P it was suggested that the physics of these spacetimes might 
be encoded holographically in observer dependent screens of the type discussed in 
jH] . Somewhat related to this idea is the possibility that only a region of the Godel 
spacetime makes sense in string theory: the rest of the spacetime, including the CTCs, 
should be excised and replaced by another spacetime in order to get a physically 
sensible background jTUl CH II2[ US] (for related work see, for example, |il]-j2Sl)- 
However, it is fair to say that the matter is not yet settled. 

It is natural to wonder if standard AdS/CFT holography can provide a new per- 
spective on CTCs. For example, it would be interesting if there are supersymmetric 
solutions of string/M-theory that are asymptotically locally AdS with CTCs confined 
to the bulk. Such solutions might then be dual to a CFT on the boundary which 
could then provide a precise description, in principle, of string/M-theory propagating 
on the spacetime with CTCs. In any case, we will show here that the solutions of |3] 
are not in this class: for values of the parameter when the CTCs appear in the bulk, 
they also appear on the boundary. 

Nevertheless, one might boldly assume that the duality is still valid for our solu- 
tions for supercritical values of the parameter. The supergravity solution should then 
be dual to A/" = 4 SYM on a background containing CTCs. Now from intuition gar- 



nered from analysing quantum fields on curved spacetimes, one might expect that the 
energy-momentum tensor of the field theory to diverge on such a spacetime. Indeed, 
the energy-momentum tensor of a scalar field propagating on a one-parameter family 
of solutions that includes the four-dimensional Godel spacetime J2E] was calculated 
using zeta-function regularisation in ^7\. As the parameter is varied, it was shown 
that the energy-momentum tensor becomes divergent precisely at the onset of CTCs. 

Here we will calculate the holographic energy-momentum (EM) tensor for our 
family of solutions using the beautiful procedure of Balasubramanian and Kraus |28j . 
Somewhat surprisingly, we find that it is finite for all values of the parameter, which 
may be construed as a hint that the duality is indeed valid even when the CTCs are 
present. However, it is only a hint. If it turns out that the supergravity solutions 
with CTCs are simply not physical, it would clearly be very interesting to identify 
the bound on the parameter directly in A/" = 4 super- Yang-Mills theory. Perhaps it 
represents a kind of unitary bound as, for example, in the case of the BMPV black 
hole [2n] where the onset of CTCs has been argued to correspond to a unitary bound 
in the dual CFT gUj. 

By construction, the D=5 solutions preserve two supersymmetries, or 1/4 of the 
D=5 supersymmetry j3]. Now it is expected that the full supersymmetric D=5 super- 
gravity theory can be obtained via consistent truncation of the Kaluza-Klein reduction 
of type IIB supergravity on a five-sphere (this was only shown for the bosonic sector 
in |SI), and hence it is expected that the uplifted solutions will preserve at least two 
supersymmetries or 1/16 of type IIB supergravity. We show here that they preserve 
precisely two supersymmetries and present explicit expressions for the Killing spinors. 
This is in marked contrast to the Godel solution of minimal ungauged supergravity 
in D=5, which preserves eight supersymmetries in D=5 and yet, as remarked above, 
twenty supersymmetries when uplifted to obtain a solution of D=ll supergravity. 

Our method of determining the supersymmetry, mostly using a computer algebraic 
package, is easily adapted to determine the preserved type IIB supersymmetry of 
any uplifted solution of minimal gauged supergravity in D=5. Recently, black hole 
solutions that are asymptotically globally AdS^ were found [31j (similar solutions 
were found for non-minimal D=5 gauged supergravity in |S2]); and we show here that 
they also preserve just two supersymmetries when uplifted to get type IIB solutions. 
This is very important in seeking a microscopic interpretation of the entropy of these 
black holes: our result implies that the entropy must correspond to states in jV = 4 
super- Yang-Mills theory preserving precisely 1/16 supersymmetry. 

The plan of the paper is as follows. Section 2 analyses the D=5 solution and 
calculates the energy-momentum tensor. Section 3 analyses the uplifted type IIB 
solution and determines the amount of preserved supersymmetry. Analogous results 
for the uplifted AdS^ black hole solutions are presented in section 4. The paper 
contains three appendices. 



2 The five-dimensional solution 

We start with the family of solutions of ininimal five-dimensional gauged supergravity 
found in Ref.jl] whose metric, written in new co-ordinates, is 

where V{r) = 1 + r^//^ and the right-invariant 1-forms on the three-sphere, af", are 
given by^ 



a I = sin (pdO — sin 9 cos (l)dtp, 
a 2 = cos (f)d9 + sin 9 sin (pdijj, 
af = d(t) + cos9di) . (2.2) 



(Note that X) •^i,-^2 of jl] are related to /, / via / = vl2/x and / = ^i/4 with 
JF2 = 0.) This metric is supported by a U{1) gauge field whose field strength is given 
by: 

F^'' = ffd (^o-f ) = ff (l^rfr A af - '^a^ A af ) . (2.3) 

Note that the Killing vector dt is timelike and that there are additional Killing vectors 
that generate an SU{2)ji group of isometrics. The solution preserves two supersym- 
metries, i.e. 1/4 of the supersymmetry. 

It is easy to see that when / = 0, the metric ()2.1|) is just that of AdS^. To see 
this, set / = and introduce the new co-ordinate 

= 0- 2t/l (2.4) 

so that the metric simplifies to 

ds^ = ~v{r)de + ^ + J m? + i^^r + (a^n (2.5) 

where af are as in ()2.2j) with replaced with 0. This is AdS^ in global coordinates. 
Thus the real parameter / is a measure of the deformation of the metric away from 
that of AdS^. Note that performing the same coordinate change when / 7^ leads 
to time-dependent metric components. 

It was shown in ^ that the spacetime has closed time-like curves when pP is 
large. It was shown in jH], more precisely, that the metric has closed time-like curves 
when p > 1/(4/^), and that they are absent when /^ < 1/(4/^). Moreover, the closed 
time-like curves go through all points. 

Next observe that the metric is locally asymptotically AdS^. This can be seen by 
evaluating the Riemann tensor R^b'^- One finds: 

RaC' = -Y,iSa%' - Sa\n + O^^) (2.6) 



^These are dual to right-invariant vector fields that generate left actions, and hence the super- 
script L. 



in the limit as r -^ oo. Thus one expects on general grounds that the holographic 
dual of the supergravity (and string) theory on this background should be dual to 
four- dimensional A/" = 4 SU{N) SYM on the boundary of this geometry. The non- 
vanishing f/(l) gauge- fields indicate that there are non- vanishing i?-symmetry cur- 
rents in the dual theory. This was also discussed in 0. 
We note that 



* 



(5) 



2 

F(2) = 2^3/ \ ^dt A or^ A (T^ - -^dt A dr A af 



„3 f»,4 



"inT^^^ ^ ^1 ^ "^3 + ^^1 A al^ A aii\ . (2.7) 

In particular if we integrate this over a surface S defined at fixed r, t as r ^ cxo we 
get 

f *(5)F(2) = sVSn'fl'' (2.8) 

indicating that the solution carries electric charge. 

2.1 The four-dimensional boundary geometry 

As r — > oo the metric (12.11) takes the form 

(2.9) 



ds^ 


= -Jr^ + r' 


(dsly) + 0{1) 


etric is 


defined as 




dn^ - 


-y {dt + fl'' 


Vf ) af + \afa^ 



(2.10) 

This is a regular metric and when / = we get the standard metric on R x S*^ after 
employing the coordinate transformation ()2.4j) . On can calculate scalar curvature 
invariants and we find that it has constant Ricci scalar curvature given by i? = 6 
and R^yR^'^ = R^vpaR^'^'^^ = 12. In particular we conclude that the Euler invariant, 
E = R^^p^R^"'f"'-AR^^R^"' + R^, and the Weyl invariant C^^p^C^"''"' = R^^paR^"'''' - 
2RpyR^'^ + R^/3 both vanish. Note that the boundary metric is not Einstein, and 
since the Weyl tensor does not vanish, when / 7^ 0, it is not conformally flat. 

Note that the killing vector d/dt is now null and that the metric maintains the 
right- SU {2) ji isometrics. Note also that the condition for closed time-like curves on 
the boundary is the same as that in the bulk. 



2.2 The energy-momentuni tensor 

We now calculate the boundary energy-momentum tensor for this system^. From 
we have^ 



T, 



III/ 



lim — — ? 



e 



^u 



^luu- 



I 



flU T I^U ' r)^ ^J■l' 



G„ 



where the extrinsic curvature 



e 



flU 



^ixfly 



(2.ii: 



(2.12) 



is calculated with the unit normal n^ = (0, —V^^"^, 0, 0, 0) and the Einstein tensor 
Gf^i, = R^y — \R'~i^y is calculated for the 4-d metric induced on a slice of constant r. 
The factor of r^ appearing in ()2.11|) is to obtain the energy-momentum tensor on the 
boundary geometry ()2.10|) . One finds 



SttGT 



Ide - ^^dt{a^ - 2AM) + ^{1 + 80(//)^)(af )^ 



+ ^i-^r + ^(1 + 64(//)^)(af )^ - 13/^^L,L 



^1^3 



:2.i3) 



We have directly checked that this energy-momentum tensor satisfies the conservation 
law V^T^i/ = with respect to the boundary metric ()2.1()|1 . as expected. Further- 
more, the trace with respect to the boundary metric also vanishes, T^'^=0, which 
is consistent with the vanishing of the Euler and Weyl invariants of the boundary 
metric. Finally, we observe that when / = we obtain the correct result for AdS^. 
In particular, setting / = and employing the co-ordinate transformation ()2.4j) we 
get. 



SttGT 



j^i'^y.m' 



1^2) 



+ (-f )^: 



:2.i4) 



To further analyse the EM tensor, we consider its components with respect to an 
orthonormal frame for the boundary metric. In particular, using the frame 



dt + fla^, 



1 



-a 



1 5 






^ a^ - \dt - fla^ 



2 ^' 2 ■' I 

we find that the energy-momentum tensor has components 



(2.15) 



SnGTab = - 



- X 
-X 



X 



—X 

1 


—3x 



x^ 

-3x 

1 

l+a;2 



:2.16) 



^After this paper was submitted to the arXive, a revised version of [^ appeared where this was 
independently calculated j5|. 

^Note that here we do not need any contributions from the gauge-field of the type discussed in 
Pni to cancel any divergences. 



where x = 8//. The most striking feature of this energy-momentum tensor is that it 
is not divergent for any value of the deformation parameter. Moreover, it does not 
undergo any particular transformation as the CTC's appear when x = 4. 

To gain some further insight, we first recall (e.g. section 4.3 of [^1]) that any 
energy-momentum tensor in four dimensions is in one of four canonical classes, de- 
pending on whether T^" has one timelike eigenvector, a double null eigenvector, a 
triple null eigenvector, or neither a time-like nor a null eigenvector, respectively. In- 
deed for X < Xc, where Xc ~ 2.515534, there is one time-like and three spacelike 
eigenvectors and we are in the first class of [31]. Moreover, one can check that the 
weak energy condition holds. For x > Xc there are just two space-like eigenvectors 
and we are in the fourth class of |S1]. In j31| it is stated that there are no observed 
fields with energy-momentum tensors of this form, so this may be an indication that 
the supergravity solutions are not physical, which would then also exclude the solu- 
tions with CTC's. Of course the EM tensor above is the expectation value in the 
quantum theory and moreover corresponds to large 't Hooft coupling, so it seems 
quite plausible to us that the solutions are physical all the way up to the onset of 
CTC's at X = 4. 

We should also point out that there are some well known ambiguities in the 
energy-momentum tensor computed using the counterterm subtraction method of 
PHj . Firstly, one is free to add the following local gravitational counterterms to the 
boundary action: 

-^ / d'x./^ [aR'' + PR^'R,, + ^R^'^P'^R^.p^] , (2.17) 

where a,/? and 7 are constants. These terms contribute [HZl 

Up. = ^ [a ^^^Hp, + /3 (%, + 7 H,,] (2.18) 

to the boundary EM tensor. We have presented the explicit expressions of these 
quantities for our solution in appendix C. The fact that the Gauss-Bonnet combi- 
nation Rpyp„R^^^P" + R^ — ARpyR^^ is topological in four- dimensions implies that 
Hpy = —^^^Hpy + A^'^^Hp^. Therefore we may always set one of a,/5,7 to zero, say 
7 = 0. If the boundary metric 7^1, is conformally flat, C^up^ = 0, we further have 
^'^^Hp^i, = {1 / 3)^^^H p_tj which reduces the ambiguity down to a single parameter. Usually 
this remaining ambiguity is fixed by demanding that the EM tensor of the boundary 
CFT does not have any trace anomaly proportional to Di?. If 'jp^, is not conformally 
flat Tip^ = requires 3a + (3 = 0, which then leaves a single free parameter. 

Besides the finite gravitational counterterms, there is also the following countert- 
erm depending on the gauge field: 
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^p(2)p(2),.u (2.19) 

where F^'^^ is the two-form field-strength at fixed r and 5 is another constant. These 
and related contributions have been considered recently in a different context in 
[SHlinni- We have also listed the contributions of these finite counterterms to the EM 
tensor of our boundary CFT in appendix C. 




2.3 Conserved Quantities 

Having obtained the energy-momentum tensor we can determine the conserved charges 
corresponding to the Kilhng vectors of the boundary metric as explained in J2H1- The 
general prescription is to first pick a spacelike 3-surface S on the boundary with met- 
ric aab- Let u'^ be a timelike (not necessarily Killing) vector normal to S and let ^'^ 
be a Killing vector of the boundary metric. Then the conserved quantity associated 
to this Killing vector is: 

g^= f d'xy^iu^CT^,) . (2.20) 

Consider the surface S defined by t=constant. We restrict to the case of no 
CTC's, 4/^/^ < 1, in which case S is indeed spacelike. The unit normal u, written 
as a one-form, is equal to —dt/{l\/l — APf^). A straightforward calculation reveals 
that the conserved quantities associated with the SU{2) Killing-vectors ^/^ all vanish 
(for explicit expressions for ^f see, e.g. appendix A of [SHI)- Similarly, the conserved 
quantity for the null Killing vector ,^ = ^ is given by 

^^^/^(3 + 32/V'V^ (2.21) 

It is interesting to note that when written in the co-ordinates (12. 4j) the null Killing- 
vector becomes ^ — (2/1)^^, where ^^ = ^. Now when / = 0, the five- dimensional 

solution is AdS^, and both ^ (in the new co-ordinates) and ^^ are Killing- vectors, 
with the former generating global time translations. Thus when / = the conserved 
quantity Q^ is simply the linear combination of charges M — (l//)(Ji -|- J2), where 

dt 

M is the mass and Jj are the two 5*0(4) Casimirs. Since Jj = for global AdS^, 
when / = we recover the mass of global AdS^, which is naturally interpreted as the 
Casimir energy of A/" = 4 super-symmetric Yang-Mills theory on R x S*^ |2H1- When 
/ ^ 0, neither M nor (Ji + J2) are separately conserved quantities, but the linear 

combination Qa_ is. 

at 

Finally, we comment on the effect of the counterterms ()2.17|) and ()2.19p on the 
conserved charges. We find that the gauge-field counterterm ()2.19|) does not affect the 
QfR or Q±. The gravitational counter-terms ()2.17j) leave the charges Q^r invariant, 

but they do modify Qa_. In particular, we find, when 7 = 0, 

at 

AQ± = -Tr^24/2(3a + /5)7r2 . (2.22) 

It is interesting to note that this vanishes when 3a + (3 = 0, which is precisely the 
condition required for the EM tensor not to have any trace anomaly proportional to 
OR. 



3 The IIB solution and its supersymmetry 

Any bosonic solution of the minimal gauged supergravity in D=5 can be uplifted 
to obtain a solution of ten-dimensional type IIB supergravity, with the only non- 



vanishing fields being the metric and the self-dual five-form using'* the formulae in 
j3] . Such uplifted solutions are expected to preserve at least as many supersymmetries 
as the solution in D=5. 

Specifically, starting from a D=5 solution with metric ds^ and field strength F^'^^ = 
dA, the uplifted type IIB supergravity solution is given by: 



dslo = dsl + l^Yl 



1=1 



f(5) = (1 + * 



(10) J 



4/2 3 
-y V0l(5) + -7^Y1 ^(^*') ^ ^^* ^ *(5)^^'^ 



(3.1) 



where /ii = sin a, fi2 = cos a sin/5, /is = cos a cos/5 with < a < 7r/2, < /3 < 7r/2, 
< .^j < 27r and together they parametrise 5*^. Note that we define the Hodge star of 
ap-formw in n-dimensions as *(n)^i^...i„-j, = ^en...i„_p^''"^''t^ji...ip, with eoi23456789 = 1 
and €01234 = 1 in an orthonormal frame. Finally, vol(5) = e is the volume five-form of 
the metric (J2.H) . 

Any uplifted D=5 solution satisfies the type IIB Einstein equations 

f? f(5) f(5) P1P2P3P4 _ ri fo ON 

" gg-' "IP1P2P3P4-' " ^- V"-"-^/ 

The five-form is obviously self-dual, F^^^ = *(^iq)F^^\ and one can show that it also 
satisfies the Bianchi identity 

dF^^^ = . (3.3) 

We have directly checked that uplifting the solution ()2.1|) . (j2.3|) solves these IIB 
equations of motion. 

In our conventions the conditions for preserved IIB supersymmetry are given by 

\7 f: — H f A pnin2n3n4n5p p(5) 

V mt — ™ iqon -^ m-f ni„2n3»i4n5 

= D f + _Lr"i"2n3n4 p(5) Q fn A) 

Here e = e^ + ie^ and e^, e^ are both Majorana-Weyl spinors with 

Tiie = -e (3.5) 

where Fn = FqFi . . . Fg. Note that the integrability conditions for supersymmetry, 

[Vm, V„] e = 0, imply that 

Td f(5) p(5) rir2r3l-psiS2, 

|-'i'mriSiS2 /I o ms\T\r2r'i-'- ns2 J-"- '- 

i 1 



*Note a typo in the factor appearing in the Chern-Simons term in [3]: see also |3t)|. 



where in obtaining this expression we have made use of the identity 

p(5)rir2r3 r(5) ^ Q /o Y] 

To calculate the preserved supersymmetries we will use the following, slightly 



,0 „1 „2 „3 „4 

solution given by 



e° = 


J.2 f^2 


e' - 


r J ■^ r r 



non-obvious, frame. We take e , e , e , e , e to be a frame for the five- dimensional 



2 ^' 2 ^' 2 ^ ^ ^ 

and supplement this with 

e^ = / da, e^ = I cos a dp, 

e^ = / sin a cos a [d^i — sin^ /? d$^2 — cos^ P d^a] , 

e^ = / cos a sin /5 cos /5 [ d^2 — c^^s] , 
2 

e^ = ■j=A — I sin^ a dC,i — I cos^ a (sin^ /5 (i^2 + cos^ /5 (i.^3) (3.9) 

V3 

where A = (-\/3/2)(/r^/l^)(jf for the solution under consideration. Thus we have 

F(5) = -Ar^[e^ Ae^ Ae^ Ae^ Ae^ + e^Ae^Ae' Ae^'Ae^] 

+ 4=(e' A e^ + e^ A e«) A (*(5)F(2) - e^ a F^^)) 
v3 

= -4Z"^ [e° A e^ A e^ A e^ A e^ + e^ A e^ A e^ A e® A e*^] 

_4/y-3/2 (gO ^ g9) /^ (gl /\ g2 _ g3 /^ g4) /^ (g5 /\ e7 ^ ^6 /^ ^8) (g^^Q) 

where the first expression is valid for a general solution of minimal gauged supergrav- 
ity. The spin connection components for the solution ()2.1|) . ()2.3|) are contained in the 
appendix. 

Using a computer algebra package, the constraints on the Killing spinor imposed 
by the integrability conditions can be obtained. In particular, in the above orthonor- 
mal frame, we find the constraints 

r0579^ = -ze, r°9e = e. (3.11) 

Hence we observe that the solution preserves at most 1/16 of the supersymmetry, or 
two supersymmetries. Now, since the solution was obtained by uplifting a solution of 
five-dimensional minimal gauged supergravity that preserved 2 supersymmetries, the 
ten-dimensional solution is expected to preserve at least 2 supersymmetries and hence 
(j3.11|) indicates that it preserves precisely 2 supersymmetries. Indeed just using these 
constraints we can solve the Killing spinor equation to obtain the Killing spinors in 
explicit form. We find the simple expression 



where r^ is a constant spinor, satisfying the projections ()3.11|) . Some useful formulae 
for verifying this result are presented in an appendix. Note that we have checked that 
the solution obtained by changing the sign of the five-form also preserves two super- 
symmetries. It is interesting to note that the projections are the same projections 
for three orthogonally intersecting D3-branes with momentum along the common 
intersection direction (the nine direction). 

4 Supersymmetry of uplifted AdS^ black holes 

Asymptotically AdS^ black hole solutions of minimal D = 5 gauged supergravity 
with regular horizons have recently been constructed in jHl]. Here we uplift these 
solutions to obtain solutions of type IIB supergravity and show that they preserve 
two supersymmetries. 

The metric of the five-dimensional solution is specified by the funfbein given by 



6° = J^{dt + ^a^) 



1 ^ 1 / -, '^^ ' N 1 , 



2 ^ T 

2 2 
e4 = -^V/2 + 2cj2 + rV|' (4.1) 



2/ 



where 



and 



co^ 



•^ = 1 - -17 (4-2) 






r]r^ , 2tu2 3a;^ . 

~~^^ +~+2r2(r2-w2)J ^-3) 

where r^ = ±1 and uj is constant. The 2- form gauge potential is given by 

Hence the metric of the uplifted solution is obtained by taking the ten-dimensional 
frame e°, e^, e^, e^ and e^ given above in ()4.1|) together with e^, e^, e^, e^, e^ given in 
()3.9p . Using the first line of ()3.10|) we deduce that the self-dual five-form field strength 
is given by 



F(5) = -4/-^ (e° A e^ A e^ A e^ A e^ + e^ A e^ A e^ A e^ A e^) 

?!^(e°AeiAe^-e2Ae3Ae9) + ^ 
Ir^ Ir* 



+ [ _ !Z^(eO A e^ A e^ - e^ A e^ A e^) + ^(2r2 + uj^){e'^ A e^ A e^ - e^ A e^ A e^) 



2uj 



2 



+ -— -V/2 + 2u;2 + ^2(g0 A e^ A e^ + e^ A e=^ A e^)] A (e^ A e^ + e^ A e^) . (4.5) 
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As in the last section, by first examining the integrabihty conditions for super- 
symmetry (|3.6|) . we find that they type IIB solution preserves exactly two supersym- 
metries. The explicit form of the Killing spinors is 



where eo is a constant spinor satisfying the constraints 



(4.6) 



r°^'% = -^e, r°% = eo. (4.7) 

Note that when tj = —1 these are precisely the same projections as (jH.llj) . 
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A Formulae for Killing spinor calculation I 

For the deformation of AdS^ x 5*^ solution, the spin connection for the frame (j3.8p . 
(13. 9j) can be calculated and used to obtain D^e. We find: 



•9*6+- 



2L/ 



1 2/ 

-(ri4 - r23) + ■7-tjk{^i2 - '^u) 



y3/2' 



dre-- 



/yT72^04 + y^(r29 + ro2) 



dee + 



d^t + - 



r yV2 

— (cos0ro2 -sin^Toa) — [cos0 (Fig - r24) + sin0 (Fia + 134)] 

+ 7757^ [cos (ro4 + r49) + sin (Foi + Tig)] + — sin (Fm - 123 - V^-j - Fes) 

1 rV^I"^ V fr"^ fr 

2^23 H 2/~^°^ " "2 ^^"^ ~^ /T/3/2 (^12 - r34) - T7(ro3 + Tsg) 



d^e + 



1 r r\/^/^ 
- cos 6^ F23 - ^ sin 9 (cos F03 + sin (p F02) H ^ 



cos F, 



01 



^1/2 -J/ 

H -— [sin 6 cos 0(F34 + F12) - sin ^ sin (F13 - F24)] - — cos ^ F14 

fr 

+ TF3/2 ^^^ ^ [^°^ ^ (^-""iS ~ -""oi) + ^^^ ^ (^04 + r49)] 
~ 717372 ^^^ ^ (^34 - ri2) + — COS 6* (-F39 - F03) 

+ —sm9 cos (p (F57 + Fes - ^u + r23) 
9/3e + - sin a (Fgg + Fyg) - cos a Fg 
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cos a fcos a Vk7 — sin a F 



59, 



VI . 2 



y3/2 



sin^ a {Ti2 - ^m) 



— sin a sin/5 (sin a sin/JFsy — cos/^Fsg + cos a sin/^Fsg) 
+ cos/5 (sin a sin/^Fgy — cos/JFgs + cos a sin/JFgg) 
+ T7T7? cos^ a sin^ /3(F34 - F12) e, 



5f,e+ - 



y3/2 
1 



2L 



sin a cos /3 (sin a cos /5 F57 + sin (3 F58 + cos a cos /3 F 



59; 



— sin [3 (sin a cos /3 Fgy + sin (3 Fgs + cos a cos /3 Fgg) 

+ T7T7777 COS^ a COS^ /3 (F34 - F12) 



y3/2 



e . 



In determining the Killing spinors it is also useful to note 



pnin2n3n4n5 p{5) 



(A.l) 



1 / 1 

Troi234 + 77^ro(F57 + F68)(Fi2 — F34) (1 



+ rn) . 

(A.2) 



B Formulae for Killing spinor calculation II 

The formula for D^e for the frame ()4.ip . ()3.9p of the uplifted AdS black holes is given 
by 






5r6 + -[- 



■(F57 + F68)Je , 

1 . r7(4cjV2 + tu^ - 2r^) 



/■ 



r^/ 



ro4 + 



CiJ 



ro9 ~ 



r]uj^{2r^ + uj^) 



2L 2rV/2 + r2 + 2cj2_^ r^^ 2rV/2 + r^ + 2cu2^ 

1 r r] 



;r49] < 



a,e + -[-^(-2r^-2rV + cu^)(-cos0Fo2 + sin0F 



2 L4r3/ 
1 



03 J 



-J^\//2 + r2 + 2cu2(sin0Fi2 + cos^Fia) 



+ -V/2 + r2 + 2cj2(cos 0F24 - sin 0F34) - ?^ 



;cos0F2g -sin0F3g)]e , 



1 r 7] 



^•/-^ + 9 [jiyi^^' + ^' + 2c^'(-3^'r2 + cu^ - 2r^)F 



2 L4r5/ 



-'- / 2 2 I 4 I 4 I 2r2 2;2N-n ^^ 



01 

4 



+ 



2r2/2 

1 
2r4/2 



4^3/2 



V/2 + r2 + 2cj2jrr 



19 



:a;6 - r^/2^^ 



23 



rjuj 
4/2^2 



(F57 + F68)]e 



•9^^ + l\-^-rCoseVPTV^T2^i-3uj^r^ + uj''-2r'')Toi 
2 ^Ar'^r 



4r3/ 



sin ^(-2r^ - 2r2cu2 + cu^) (sin 0Fo2 + cos (j)T 



03 J 
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+ — sin 6VP + r^+2Lj^J^{cos 0ri2 — sin (pTis) 

^ cos 9{rW + cj^ + r^ + r^l^ - ijH^)Tu - -nh?^" cos ^(157 + Teg; 



T] 



"^ cos 0V/2 + r2 + 2cu2cu^^ri9 + -4^ cos ^(cu^ - tH^)Y2^ 



4^3/2 - ^^ ' 2r4/ 

+ — sin Q\/l'^ + r^ + 2c<j2(sin 0r24 + cos 0r34) — -—7- sin 6'c<j''(sin 0r29 + cos ^Fag)] e 
2/ 4r'^/ 

9^e + -[sina(r56 + r78) -cosalggje 

%e + ^[-^sin2av/Z^T7^T2^roi-^a;^in2a(2r2 + a;2)r,4 
+ 7— rcu"^ sin^ ar23 — cos^ olY^-j + cos ot sin aFsgl e 



a^e + -r-^cos2asin^/3y/^T7^T2l7roi --(--rCos^asin2/5(2r2 + cj2)ri4 



+ — -^ cos^ a sin^ /3r23 — sin^ /3 sin^ cxV'oi + sin /5 cos /3 sin a (Fsg + Fgr) 

— cos a sin a sin^ /^Fsg — cos^ /^Fgs + cos a sin /? cos /JFeg] e 

a,e + -[ cos^ a cos^ /^V/^ + r2 + 2tu2Foi - -^(2r2 + cu^) cos^ a cos^ ^Fm 

2 r'^ 2r^ 

+ — — cos^ a cos^ /5F23 — / cos^ /? sin^ aF57 — / sin a sin [3 cos /^(Fss + F67) 
2r^ 

— I cos a sin a cos^ /JFsg — / sin^ /JFgs — / cos a sin /5 cos /^Fgg] e . 

(B.i: 

C Ambiguities in the energy- moment um tensor 

Using signature (—,+,+,+) and standard conventions for curvature tensors, the 
expressions for the tensors obtained from the variation of ()2.17|) and given in j37j . 
become 



H^jj = V^Vjy-R — -g^^ OR — DR^^^ + -g^uR Rap — '^R RaixiSv, 

Hfj.u = -g^iyR"^"' Rap-yS — "^RfialS-yRJ^ — 4 D-R/^i. + 2V pSuR 

+ '^RfiaR'^v — 4:R°'^ Ra^ilSu ■ (CI) 

These are each conserved and satisfy H = ~^^^H + A^'^^'H. For the deformed AdS^ 
background one finds that ^^^H^^ and ^"^^H^y can be written in terms of the orthonor- 
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mal frame ()2.15p as 



Wff, 



ab 



-6 



('^H, 



ab 



3 -X 

—X 1 — X 

10 

-X 1 _ 

3 + fx^ -X 







(C.2) 



-X 


3„2 - 

4"^ 


1 


—X 


1 





-X 


1 + f X2_ 



(C.3) 



The contribution coming from ()2.19|) is also easily calculated. The contribution 
coming from jabF'^ vanishes while the contribution coming from FacFi,'^ gives 



1 ?,IH 

'SnG 4 



r2 





x^l 




















r^ 





X2 



(C.4) 
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